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By varying the thickness of the cylinder wall with circumferential position, the axial buckling capacities of
homogeneous, isotropic cylindrical shells with elliptical cross sections are improved. The classic buckling stress
relation for a uniform-thickness homogeneous, isotropic circular cylindrical shell is applied to cylinders with
elliptical cross sections. It is assumed that this relation can be used to design the wall thicknesses of elliptical cylinders
as a function of circumferential location to compensate for the negative effects of the variation of the radius of
curvature with circumferential location. Three variable-thickness elliptical cylinder designs are proposed, and
analytical expressions for the thickness variation, cross-sectional area, axial buckling stress, axial buckling stress
resultant, and axial buckling load for each design are derived. Predictions from the analytical development are then
compared with finite element analyses of the three designs. So-called small and large cylinders with three values of
eccentricity are considered. The comparisons between the finite element results and the analytic predictions are quite
good. It is shown that considerable improvement in axial buckling capacity can be achieved with the thickness-
tailoring technique, and in some cases the axial capacity of the circular cylinder with the same circumference is

achieved.

Nomenclature

= major radius, m

minor radius, m

Young’s modulus, Pa
normalized complete elliptical integral of second kind
eccentricity

wall thickness, m

axial stress resultant, N/m
axial load, N

radius of curvature, m

= arc length, m

Poisson’s ratio

axial stress, Pa

= average axial stress, Pa
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I. Introduction and Background

YLINDRICAL structures are effective in resisting a variety of

loads, including axial compression, torsion, internal pressure,
overall bending, and combinations of these. In particular, cylindrical
structures with circular cross sections have been used in a variety of
aerospace applications. Even though a circular cross section may be
the most effective structural shape, in certain applications a
noncircular cross section may have advantages. Blended wing—
fuselage aircraft designs could benefit by using a noncircular
fuselage. Geometric constraints may dictate that fuel tanks for other
aerospace applications be noncircular. Kempner and Chen []]
concluded that oval cylinders with moderate-to-large eccentricities
would be not very sensitive to initial imperfections. Hutchinson [2]
reached similar conclusions for noncircular cylinders. However, in
many applications a noncircular geometry leads to reduced structural
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performance. Specifically, the axial stress level to cause buckling of a
geometrically perfect, homogeneous, isotropic circular cylindrical
shell subjected to an axial load can be estimated through the classical
equation [3.4]

Eh

R+/3(1 —1?)

where the subscript cr denotes critical. The axial buckling stress in
Eq. (1) is assumed to be uniform through the thickness of the wall.
For a cylindrical shell with a smooth and convex noncircular cross
section obtained, for example, by deforming the original circular
cross section into an elliptical cross section with the same
circumference, the radius of curvature varies with circumferential
location. However, Eq. (1) can be used to estimate the axial buckling
stress if the maximum radius of curvature of the cross section is
substituted for R in Eq. (1) [3]:
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Because R, for the noncircular cylinder is greater than R for the
original circular cylinder, the buckling stress, and therefore the
buckling load, of the noncircular cylinder is less than that of the
circular cylinder. Specifically, as will be shown in Sec. IV, for a
cylinder with an elliptical cross section with an eccentricity of 0.70
(which results in a ratio of the minor radius to the major radius of
about 0.70), the axial buckling stress is estimated to be
approximately 40% less than the original circular cylinder. The
prebuckling deformations of the original circular cylinder and an
elliptical cylinder with the same circumference, an eccentricity of
0.70, and both with S1 simply supported boundary conditions [6]
at (or slightly less than) the buckling load level, as predicted by
geometrically nonlinear finite element analyses, are illustrated in
Figs. la and 1b, respectively. As seen, the more relevant
deformations for both cases are confined to the ends of the
cylinders, forming boundary layers, a characteristic typical of
cylindrical structures. The width of the boundary layer depends on
the radius of curvature of the cylinder and an expression for the
boundary layer length as a function of the radius of curvature can
be derived [7]. More important, however, the deformations of the
circular cylinder involve all circumferential locations (and are
axisymmetric, as they should be), whereas those of the elliptical
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Fig. 1 Prebuckling deformed shape of axially loaded simply supported
cylindrical shells: a) circular cross section and b) elliptical cross section.

cylinder are confined to flatter regions of the cross sections where
the radius of curvature is the greatest. The deformation behavior of
the elliptical cylinder suggests that material in the cylinder wall is
not being used as effectively as it could to resist cylinder buckling.
The flatter portions of the elliptical cross section are critically
stressed, whereas the more highly curved sides are understressed.
Of course here the term under-stressed is in relation to the stress
necessary to cause local buckling. It would seem that if all of the
material in the cross section were critically stressed, the axial
buckling load of the elliptical cylinder would increase. Ideally, the
buckling load of the elliptical cylinder could be restored to the
value for the original circular cylinder.

To expand upon this concept, based on Eq. (1), for a given
isotropic material (i.e., for given values of E and v) the stress to cause
buckling is dependent only on the ratio of the wall thickness to the
radius 22/ R. In fact, the buckling stress is directly proportional to the
minimum value of this ratio, which for a noncircular cylinder with a
uniform wall thickness is a minimum where the radius of curvature is
a maximum. Because, for an elliptical cylinder, continuing with this
particular noncircular cross section as an example, the variation of
the radius of curvature with circumferential position is known from
the geometry of the ellipse, perhaps the thickness of the cylinder wall
could be varied with circumferential position so as to keep the ratio of
the wall thickness to the radius constant with circumferential position
and have no circumferential location where the ratio is a minimum.
Based on Eq. (1), for a given material the thickness of the cylinder
wall is the only parameter that can be varied in an effort to offset the
loss of axial buckling load due to the noncircular cross-sectional
geometry. The objective of this paper is to design the variation of wall
thickness of an elliptical cylinder with circumferential position so as
to mitigate the loss of buckling capacity relative to the original
circular cylinder. Strictly speaking, for the case of the wall thickness
and the radius of curvature varying as a function of circumferential
position, the stresses within the cylinder could become more
complex than for a uniform-thickness circular cylinder. Therefore, to
keep the concept simple, the designs developed will be based solely
on the use of Eq. (1). However, Eq. (1) is based on a derivation
employing numerous simplifying assumptions (e.g., a membrane
prebuckling state). Thus, to confirm or refute any predicted gains in
buckling performance using the classical buckling equation shown in
Eq. (1) for design purposes, finite element calculations considering a
geometrically nonlinear prebuckling state will also be presented and
discussed for variable wall-thickness cylinders designed using
Eg. (1).

The next section of the paper presents a brief overview of some of
the past work on the stability of noncircular cylinders. Then, in the
following section following, the development of variable-thickness
noncircular cylinders based on Eq. (1) will be presented. Only
elliptical, noncircular cross sections will be considered, mainly
because of the convenience of the algebra of such cross sections.
However, the concepts developed can be generalized to other
noncircular cross sections. It should be noted that material tailoring
of elliptical fiber-reinforced composite cylinders has been discussed
in [8] as a contrast to the thickness-tailoring concept being discussed
herein.

II. Review of Related Past Work

The vast majority of the investigations of the stability of cylinders
has focused on circular cylinders. However, as early as 1935
Lundquist and Burke [9] studied the torsional stability of elliptical
cylinders. A short time later Heck [10] considered elliptical cylinders
in pure bending. In 1951 Marguerre [11] proposed expressing the
curvature of an elliptical cross section by using the trigonometric

series
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where R, is the average radius, s the circumferential arc length
coordinate, and C the circumference. This expression can actually be
used for any noncircular section having two perpendicular axes of
symmetry. Another interpretation of Eq. (3) is to consider a
noncircular cross section as a perturbation of one that is circular.

Kempner and Chen [5,12] used Marguerre’s expression and a
variational approach to develop a geometrically nonlinear analysis of
an oval cylinder subjected to an axial load. They considered an
infinitely long cylinder and modeled the variable curvature with a
two-term series using Eq. (3). Numerical results were derived
through the Ritz method. The main results of their work can be
summarized by saying that the buckling phenomenon for a
noncircular shell starts in the region having minimum curvature, in
other words the location where the shell is flatter, as was illustrated
for the prebuckling deformations in Fig. 1b. This result can also be
expressed by saying that the buckling load of a thin shell having a
noncircular section approaches the buckling load of a circular section
having radius equal to the maximum radius of curvature of the
noncircular cross section. This characteristic was discussed in
relation to Eq. (2), and a direct consequence of this behavior is that
the more the eccentricity of a section increases, the more the buckling
load decreases relative to the original circular cylinder. Another
interesting result found by Kempner and Chen is that although the
buckling load of a noncircular cylindrical shell decreases relative to
the original circular cylinder, the postbuckling stiffness of an oval
section is larger than the postbuckling stiffness of a circular section.
This increased stiffness is due to the fact that the high curvature
regions of the cross section at the ends of the major radius do not
participate in the postbuckling buckling deformations and thus are
able to continue to support a load. Further theoretical studies on the
postbuckling of noncircular cylindrical shells [1,2] highlight that the
more the eccentricity of the section increases, the more the
postbuckling snap-though phenomenon, which occurs when the
axial load exceeds the buckling value, is moderated. Experimental
results were found to be in good agreement with the theoretical
predictions. More accurate analyses, including more nonlinear terms
in the strain-displacement relations, were performed in [13], where
the buckling behaviors of axially compressed elliptical cones and
cylinders, for both the perfect and imperfect cases, were studied. In
[14] the effect of the introduction of clamped boundary conditions on
the stability of isotropic noncircular cylinders was studied in order to
account for nonmembrane prebuckling deformations. The correction
due to the effects of the clamped boundaries on the buckling load
predicted by theories based on infinite-length cylinders was found to
be moderate for low eccentricity sections. Theoretical predictions
were confirmed by experimental results [15].

Though the current paper considers only isotropic materials, it is of
interest to note a few of the studies of noncircular composite
cylinders. These studies are more recent than the studies of isotropic
shells. An early contribution in this direction is found in [16], where
the instability under axial compression of oval symmetric and
antisymmetric cross-ply laminated cylinders was studied. Sun [17]
showed that for a wide range of eccentricities the stability
performance of symmetric cross-ply noncircular infinite-length
cylinders is quite insensitive to imperfections. An analysis taking
into account the most general boundary conditions was performed in
[18,19] using a Galerkin approach based on a Marguerre-like series
expansion of the radius of curvature. In this work it was shown that
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the coupling between axial and circumferential modes becomes more
relevant as the eccentricity increases. It was also shown that
noncircular laminated composite shells are less sensitive to
imperfections compared with the equivalent circular case. This
behavior becomes more evident as the eccentricity increases. In
[20,21] a Love-type parabolic through-thickness shear deformation
shell theory was applied to a noncircular laminated shell. The
buckling load of a cross-ply laminated noncircular cylinder under
axial compression was derived through the Galerkin method. The
results of this work showed that taking into account shear
deformations produces a more conservative estimation of the axial
buckling load. It was also observed that the effect of transverse shear
deformations decreases as the eccentricity increases. In more recent
years a formulation taking into account transverse normal and
transverse shear deformations was proposed [22,23]. In this work
trigonometric series expansions of the displacements, including
higher-order terms, were assumed. Generalized variables associated
with zigzag functions were included in the model. The solutions
obtained through a finite element approach showed that the coupling
between axial and circumferential modes increases as the
eccentricity increases, as was found in [18,19]. As mentioned,
recently Sun and Hyer [8] investigated the effects of the fiber
orientation on the stability of elliptical [£6/0/90]s composite
cylinders. A procedure to vary the angle 6 around the circumference
to improve axial load capacity relative to the case of § = 45 deg all
around the circumference (a quasi-isotropic elliptical cylinder) was
proposed and numerically validated. An improvement of the axial
load capability up to 30% was obtained with no prebuckling material
failure and little increase in postbuckling material failure.
Considering a torsional loading, Haynie and Hyer [24] recently
considered buckling, postbuckling, and material failure of elliptical
composite cylinders with a quasi-isotropic lamination sequence. For
the cylinders studied they demonstrated that initial material failure
occurred at isolated circumferential locations that were controlled by
the local radius of curvature of the elliptical cross section, as opposed
to the situation with circular cylinders, where initial failure occurred
uniformly around the circumference.

III. Basis for the Design of Variable-Thickness
Elliptical Cylindrical Shells

To continue to expand upon the fact that the axial buckling stress
in Eq. (1) depends on the ratio /R, in the present study it will be
assumed that the buckling stress of a homogeneous, isotropic
cylindrical shell having a cross section with both a circumferentially
varying radius of curvature and a circumferentially varying wall
thickness is given by

ﬁ} “

O min {
all around the circumference | R
To circumvent there being any location around the circumference of
a noncircular cylinder where there is indeed a minimum, it will be
further assumed that a variable-thickness homogeneous, isotropic
noncircular cylindrical shell can be designed with the condition

% = const all around the circumference %)

It would seem that the fulfillment of Eq. (5) should guarantee that the
cylinder does not have a weaker (in the sense of local buckling)
circumferential location that compromises the performance of the
entire cylinder. Consequently, the entire elliptical cylinder should be
involved in the deformation, thereby increasing the axial load
performance of the structure. The cross-sectional shapes that result in
the entire cylinder participating in the loss of stability are referred to
as shapes of uniform stability and are discussed briefly in a book by
Gajewski and Zyczkowski [25]. Here the choice of the constant in
Eq. (5) will be addressed in different ways, depending on the details
of the specific objective to be achieved. In the following section,
three different designs of a variable-thickness elliptical cylindrical

shell based on three different choices of the constant in Eq. (5) to
meet three specific objectives will be proposed.

IV. Three Variable-Thickness Elliptical
Cylindrical Shell Designs

Consider a uniform-thickness circular cylindrical shell with radius
R., thickness A, and length L.. Suppose the given circular cross
section is made elliptical by assigning to it an eccentricity e, but the
circumference is kept the same as the original circular cylinder,
namely 2mR.. An elliptical cross section can be described
parametrically using the parameter ¢ by the radius vector v(¢) defined

by

v (1) = (acos(?), bsin(t)) t €[0,2m) 6)
where, asillustrated in Fig. 2 g and b are the major and the minor radii
of the cross section of the midsurface and, as shown, n(z), R(t), and
h(t) are the unit normal, the radius of curvature, and the thickness of
the cross section. The arc length in the circumferential direction is
measured by the parameter s. The eccentricity of an ellipse e is
defined as

@)

It should be noted that e =0 when a = b, with the ellipse
degenerating to a circle. Similarly, e =1 when b =0, with the
ellipse degenerating to a flat panel. Based on these arguments it
should be clear that in order to have an ellipse the following relation
must be fulfilled: 0 < e < 1. All the expressions involving the
eccentricity derived in the following are meaningful only for this
range of values. Using the parametrization of Eq. (6) the unit normal
and the radius of curvature can be expressed as

n (1) = ( b cos(r) asin(t) )
B VaZsink (1) + b2cos? (1) /aPsin(1) + b*cos? (1) ®)
t €[0,2m)

(b2cos?(f) + a’sin?(1))?
ab

R(t) = t €[0,2m) )
Analytical expressions for radius vectors to the outer and the inner
surfaces of the variable-thickness ellipse can be obtained by adding
and subtracting, respectively, the quantity /() /2 along the direction
normal to the midsurface, as shown in Fig. 2. The radius vectors
describing these surfaces can be written as follows:

h(7)
2

h()
2

Voult) =V(0) +—=n(1)  vin() =v() ——=n() (10)

h(t)/ 2 ho

V(t) Vom (0

vin( t)
t=n

midsurface

t=31/2

Fig. 2 Cross section of the midsurface of an elliptical cylinder.
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The major radius a and the minor radius b of an ellipse having an
assigned eccentricity ¢, and the same circumference as the original
circular cylinder are given by

_ R, _ R. —
Ty TV (o

where £(.) is the normalized complete elliptical function of second
kind defined by

g(k)zgl% V1 — ksin?(0)do (12)

It should be noted that when the assigned eccentricity ¢, = 0 (i.e., the
circular case), Eq. (11) gives correctly a = R, and b = R, and when
ey = 1 (i.e., the flat panel case), Eq. (11) gives correctly a = 7R, /2
and b = 0. The minimum and the maximum radii of curvature of an
ellipse are related to a and b through the following relations:
¥ R a R 1
R. =—=—°(1-¢ R .=—=_c
min a g(e%) ( 60) max b 5(6(2)) /—l — e%
13)

Based on Egs. (1), (2), and (13), the ratio between the buckling stress
of the constant thickness elliptical (CTE) cylinder, obtained by
assigning an eccentricity e, to the original constant thickness circular
(CTC) cylinder, and the original CTC cylinder is predicted to be

OCTE R.
—— =—S=E(e})\/1— ¢} 14
e~ R (e5) 5 (14)

It should be noted that the ratio of the buckling stresses between the
two cylinders depends only on the assigned eccentricity e,. In Fig. 3
theratio in Eq. (14) is plotted vs the assigned eccentricity e,. As seen,
the buckling stress of a CTE cylinder decreases considerably with
increasing eccentricity. For example, about 20% of the stress level is
lost when an eccentricity of 0.50 is assigned to the original CTC
cylinder. Similarly, about 40% of the stress level is lost for e, = 0.70
and about 60% for e, = 0.85. Because the cross-sectional area of the
CTC and CTE cylinders are the same, and because the axial stress is
uniform through the cylinder wall thickness, the ratio between the
buckling load of the CTE cylinder Pcrg and the buckling load of the
CTC cylinder Pcrc is also given by Eq. (14).

To make use of the concept of choosing the thickness A(7) of the
cross section to be proportional to its radius of curvature R(7) [i.e.,
Eq. (5)] to counter the decreases illustrated in Fig. 3, the constant in
Eq. (§) will be scaled by the ratio between the thickness and the radius
of curvature of the original CTC cylinder. Accordingly, the varying
thickness of the elliptical cross section /(z) will be assumed to be
given by

h(t) = Q%R(z‘) t €0,2m) (15)
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Fig. 3 Comparison between the buckling stress of elliptical and
original circular cylinders.

where « is a positive scalar quantity. The radius of curvature R(#) of
an ellipse having the same circumference as the original circle and an
assigned eccentricity e, can be obtained by substituting Eq. (11) in
Eq. (9), that is

R, [(1 — e3cos?())?
&(ep) 1—¢j

R(H) = tef0,2n)  (16)

Thus, the design of the variable-thickness elliptical (VTE) cylinder
(i.e., h(t) vs t) is complete once the value of the constant & in Eq. (15)
is specified. In the present development, the constant & will be chosen
in three different ways, resulting in three different VTE cylinder
designs:

1) The buckling stress oyrg of the VTE cylinder is the same as the
buckling stress o¢rc of the original CTC cylinder.

2) The buckling load Pvyg of the VTE cylinder is the same as the
buckling load P of the original CTC cylinder.

3) The cross-sectional area Ay of the VTE cylinder is the same as
the cross-sectional area Acrc of the original CTC cylinder.

With the cylinders all the same length, requiring the cross-
sectional areas to be identical guarantees that the volume, and
consequently the weight, of the VTE cylinder is the same as the
weight of the original CTC cylinder. Imposing conditions such as
one of the three preceding is necessary because Eq. (5) is simply a
statement regarding two geometric variables. The statement does not
guarantee that the axial buckling stress in the VTE cylinder is the
same as the axial buckling stress in the original CTC cylinder, nor
does it guarantee that the cross-sectional area of the variable-
thickness wall is the same, or that the axial buckling load, which is
directly related to both the axial buckling stress and the cross-
sectional area, is the same. Conditions other than Eq. (5) are
necessary to guarantee equality, in some sense, of the VTE and the
original CTC cylinders.

To specity the three different VTE cylinder designs it is necessary
to determine how the three ratios oyrg/0cre, Pyre/Perce, and
Ayre/Actc depend on the selection of the constant .. To that end,
considering the ratio oy g /0crc and substituting Eq. (15) in Eq. (4) it
can be seen that the buckling stress of a VTE cylinder becomes
independent of the circumferential location. That is

h(t) _ ﬂaﬂ

m R, a7

ovre = B

where £ is a positive constant of proportionality. Based on Eq. (1),
the constant § can be defined as

R,
B = ocrc W (18)

Substituting Eq. (18) in Eq. (17) results in

OvVTE

=« 19
Octc (19

Considering next the area ratio Ayrg/Actc, using Egs. (10) and (15)
the area ratio can be analytically evaluated to give

A
o =ag’(e) (20)
CTC

1 [8—8e2+ 3¢}
ey) = 21
g( 0) 5(8%) 8 /—*‘Al — e% ( )

Lastly, the ratio Pyrg/Pcrc can be evaluated by simply multiplying
Eq. (19) and (20) term by term, using the fact that each of the three
designs requires the stress to be constant around the circumference.
As a result,

where

P oyrg A
VTE _ OVTE AVTE _ a2g%(ey) (22)
Pere  ocrcActe
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Fig. 4 Variation of g(e,) with e,.

The relation of Eq. (21) is plotted in Fig. 4. It should be noted that
g(ey) is always greater that one. More precisely, it is very close to the
unity when 0 < ¢4 < 0.6, then increases very quickly and tends to
infinity for e, approaching one. Now, using Eqgs. (19), (20), and (22),
the value of the constant o needed to design a VTE cylinder having
the same buckling stress, the same buckling load, or the same cross-
sectional area (hereafter known simply as same-stress, same-load,
and same-area designs) of the original CTC cylinder can be
determined. These values of « are listed in Table 1 together with the
thickness variation /(#), normalized by the thickness of the original
circle h., for the three designs of interest. These three thickness
variations are plotted in Fig. 5 for eq = 0.70 together with the unit
value representing the normalized thickness of the CTE cylinder.
From Fig. 5 it should be noted that all the VTE designs allocate a
larger thickness to the most flat regions of the ellipse (see Fig. 2,
t = /2 and t = 37/2). Moreover, it can be seen that the thickness
profiles associated with the three different VTE designs never
intersect each other. This means that for each value of the parameter 7,
the thickness of the same-stress design is larger than the thickness of
the same-load design, which, in turn, is larger than the thickness of
the same-area design. More precisely, it should be noted that the
thickness of the same-load design is exactly the geometric mean
between the thickness of the same-stress design and the same-area
design.

For the sake of completeness it should be noted that once the radius
R, and the thickness 4, of the original CTC cylinder are given, it is
not possible to construct either a CTE cylinder or a VTE cylinder
with an assigned eccentricity greater than a critical, or maximum,
value without forcing penetration of the inner surfaces of the two
opposite sides of the cross section. This critical value of eccentricity
is dependent on which of the three particular cylinders is being
considered. More precisely, the critical eccentricity for each
particular cylinder can be defined by equating the ratio 4./R,. to a
dimensionless function depending only on the assigned eccentricity
eg- The value of the eccentricity fulfilling the equality is the
maximum eccentricity that can be assigned to the original circular
cross section. This value will be referred as critical eccentricity and
will be denoted by the symbol e.,. The functions determining the
critical eccentricity for each particular cylinder are listed in Table 2
and are plotted in Fig. 6. Examination of Fig. 6 shows that when the
ratio h,/R, =2 it is impossible to assign any eccentricity to the
original circular cylindrical shell for any of the particular cylinders.
This geometric constraint can be explained referring to Fig. 2 and
realizing that when h,./R, = 2 the cylindrical shell becomes a solid
cylinder of radius 2R,.. Another relevant point to be noted in Fig. 6 is

Table 1 Values of « and the variation of the
thickness for the three designs

Design a h(t)/h,
Same-stress 1 R(?)/R.
Same-load 1/g(eq) R(1)/(R.g(ey))
Same-area 1/g%(ey) R(1)/(R.8%(ey))

CTE same—stress ~ same—load =~ same—area

SN
a

Fig. 5 Variation of the normalized thickness with the circumferential
location for the three designs, e, = 0.7.

that when the ratio /./R, approaches zero the critical eccentricity
approaches one for all cylinders. This means that if the thickness of
the original circular cylinder approaches zero, then it can be
deformed until it becomes a flat plate. Based on these arguments, for
the original CTC cylinder the following constraint must be fulfilled:

h
<2 2
<2< 23)

c

For most cylindrical shells this condition is not a problem. It should
also be noted from Fig. 6 that the relations for the three VTE designs
never intersect each other. This happens because the thicknesses of
the three VTE cylinders are proportional one to each other, as
illustrated in Fig. 5 and Table 1. More precisely, the same-load
design relation is bounded by the more restrictive same-stress design
and the less restrictive same-area design. This means that if it is
possible to construct the same-stress VTE cylinder for a given value
of h,/R, and an assigned eccentricity e,, then it is possible to
construct the same-load and the same-area VTE cylinders for the
same assigned eccentricity. It should be finally noted that the relation
for the CTE cylinder intersects both the same-load and the same-area
relations, but does not intersect the same-stress relation.

The physical interpretation of the critical eccentricity is illustrated
schematically in Fig. 7, where, as an example, the cross sections for
the critical eccentricities are shown for the ratio 4./R, = 0.15 and
the points of penetration of the inner surfaces of the cross sections are
encircled. This ratio is quite large compared with the ones normally
used in practical construction, but it has been chosen to emphasize
the meaning of the critical eccentricities of the cross sections.
Looking at Fig. 7 it can be noted that although the penetration
behavior for all three VTE cylinder designs occurs at the flatter
portion of the cross section, for the CTE cylinder penetration occurs
at the more curved portion. The intersections in Fig. 6 of the relations
for the same-load VTE cylinder and the CTE cylinder and of the
relations for the same-area VTE cylinder and the CTE cylinder
simply mean that there exists particular values of 4./ R, such that the
penetration behavior of the two cylinders corresponding to the two
intersecting curves happens for the same value of assigned
eccentricity. Referring to Fig. 6, it is evident that when the ratio
h./R. is small, as happens for the most of the cases of practical
interest, the critical eccentricities are very close to unity. Moreover,
from Fig. 7, when the eccentricity approaches the critical value, the
walls of the VTE cylinder become so thick that some of the
assumptions embedded in Eq. (1) are no longer valid. Based on those

Table 2 Dimensionless functions for determining the
critical eccentricity for various cylinders

CTE 2(1—e3)/E(ed)

2(1—¢3)
2(1 — eg)gleo)
2(1— 3(2))82(30)

VTE, same-stress
VTE, same-load
VTE, same-area
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he/R,

Fig. 6 Critical eccentricity vs k. /R, for various cylinders.

arguments, it can be concluded that the critical eccentricity is a pure
geometric limit and is not of practical interest.

Before closing this section it is interesting to make a comparison
among the values that the three ratios oyrg/0cres Pyvre/Peres and
Avyre/Actc assume in each of the three designs of interest. These
comparisons are summarized in Table 3. Keeping in mind that g(e)
is always greater than the unity, it should be noted that:

1) For the VTE cylinder, the same-stress design produces a
buckling load and a cross-sectional area larger than those of the
original CTC cylinder.

2) For the VTE cylinder, the same-load design produces a smaller
buckling stress and a larger cross-sectional area than those of the
original CTC cylinder.

3) For the VTE cylinder, the same-area design produces a smaller
buckling stress and buckling load than those of the original CTC
cylinder.

All the ratios in Table 3 vary monotonically with the eccentricity
through the dimensionless function g(ey).

Finally, it is useful to explicitly derive analytical expressions for
the axial stress resultant N. The axial stress resultant is defined as the
integral of the axial stress through the thickness of the cylinder wall.
It can be defined here as the product of the axial stress and the
cylinder thickness. In Table 4 analytical expressions for the ratio
between the axial stress resultants of the VTE cylinder and the
original CTC cylinder, namely Ny1g/Ncrc, are given for all the three
designs. These expressions are obtained multiplying member by
member the last column of Table 1 and the first column of Table 3.

V. Numerical Validation of the Proposed Designs

In this section the three VTE cylinder designs proposed in the
previous section will be further studied using numerical results

Table 3 Values of three key ratios for the three designs

Design ovte/Octe Pyre/Perc Avre/Acte
Same-stress 1 2%(ep) & (ep)
Same-load 1/g(ep) 1 g(eg)
Same-area 1/g%(ep) 1/g%(ep) 1

Table 4 Analytical expressions for axial-stress-resultant
ratios for the three designs

Design Nyre/Nere
Same-stress R(t)/R,
Same-load R(1)/(R.g*(eg))
Same-area R(1)/(R.g"(ep))

computed with the general-purpose finite element code ABAQUS®
[26]. In particular, the results from ABAQUS will be compared with
the results from the analytic predictions developed in the previous
section. Because the analytic predictions are based on a rather simple
premise, which does not consider prebuckling rotations or stresses
other than the axial stress, such comparisons will be informative.
Geometrically nonlinear prebuckling finite element analyses will be
employed, and the results for S1 simply-supported boundary
conditions [6] will be considered. The buckling condition will be
identified by applying to one end of each cylinder the smallest axial
compressive displacement that causes the tangent stiffness matrix of
the numerical analysis to become singular. The stress state for this
condition, in particular the axial stress level, will be considered the
buckling stress. The cylinder responses of interest at this level of
displacement will be compared with the respective analytic
predictions for three values of assigned eccentricity, e, = 0.50, 0.70,
and 0.85, as considered in Fig. 3, and two cylinder sizes in order to
check the generality of the findings of the previous section. So-called
small and large circular aluminum cylinders with the geometrical
dimensions and the constitutive properties listed in Table 5 will be
considered as the original CTC cylinders for the two sizes. In
addition to the increased overall size of the large cylinder, the large
cylinder is more flexible than the small cylinder in terms of wall
thickness to radius ratio. The dimensions in Table 5 are within the
range of values for which Eq. (1) is valid [4]. Using Eq. (11) the major
and the minor radii @ and b for the three different values of the
eccentricity e, can be evaluated for both small and large cylinders.
These values are listed in Table 6 along with the ratios of the minor to
major radii and the values of the four functions appearing in Table 3.

= &=

a) CTE (e.,= 0.974)

==

¢) VTE, same-load (e, = 0.982)

b) VTE, same-stress (e.,.= 0.962)

e

d) VTE, same-area (e.r = 0.997)

Fig. 7 Cross sections of critical eccentricity for 2. /R, = 0.15 with points of penetrations of the inner surfaces encircled.
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Table 5 Geometric and material properties used in the
calculations for small and large CTC cylinders

R. L. h. E v
Small 0.Im 032m 1.12 mm 70GPa 03
Large 05m 1.60m 2.24 mm 70GPa 0.3

The finite element mesh employs 81 equispaced nodes in the axial
direction and 168 equispaced nodes in the circumferential direction,
for a total of 13,440 elements. An S4R four-node shell element from
the ABAQUS library is used. This element uses thick-shell theory as
the shell thickness increases and becomes a Kirchhoff thin-shell
element as the thickness decreases. The thickness of each element
will be assumed constant and equal to the thickness that the analytical
function Eq. (15) assumes at the middle point of the element. In Fig. 8
a comparison between the actual area of a generic sector of the cross
section associated with an element (black) and the area used in the
numerical calculations (light gray) is shown. The superposition of the
two different areas is filled in dark gray. As the number of nodes M in
the circumferential direction increases to 168, and consequently the
circumferential length of each element decreases, the error in the
representation of the cylinder cross-sectional area decreases.
Specifically, the ratio between the cross-sectional area of the mesh
for the VTE cylinder and the cross-sectional area of the mesh for the
original CTC cylinder can be expressed as follows:

AVTE

1 M
=i 2 h(t) 24)
¢ =1

ACTC

where ¢, is the solution of the transcendental equation
tildv(t 1\ 2nR,

/ V() dz:(i——)L i=1..M (25
0

dr 2) M
In Tables 7-9 the values that Eq. (24) assumes for M = 12, 42, and
168 for the same-stress, -load, and -area designs and the three

mesh nodes

mesh element

Fig. 8 Comparison between the actual area and the numerically
computed area of a sector of cross section.

eccentricities of interest are shown. In the last column of the tables
the analytic prediction is given (see Table 3, last column). For all
three designs and for M = 168 the ratio Ay /Acrc converges to the
analytic prediction to within 1% error. The accuracy slowly
degenerates as the eccentricity increases.

Before discussing the VTE cylinders it is informative to consider
the variation of the axial stress around the circumference of the CTE
cylinders. In Figs. 9a and 9b the axial stress at the buckling condition
as computed by ABAQUS for small and large CTE cylinders with the
three values of eccentricity and normalized by the critical stress of the
CTC cylinder are plotted as a function of the normalized
circumferential location s/27R. (see Fig. 2). For reference the
normalized critical stress of the CTC cylinder, which is unity, is also
plotted. From the figures it is first observed that the finite element
analyses predict that the axial stress for CTE cylinders varies with
circumferential position. The degree of the variation depends on the
assigned eccentricity e, and the size of the cylinder. Most of the
variation occurs in the flatter portions of the cross section,
s/(2nR.) = 0.25,0.75, where the stress level is equal to the buckling
stress. The variation is less for the large cylinder due to a lower value

Table 6 Numerical values of geometric parameters for small and large VTE cylinders and three values of eccentricity

€o Small Large b/a g(eq) 1/g(eo) g*(eo) 1/¢%(eo)
a b a b

0.50 0.1070 0.0927 0.5350 0.4635 0.87 1.0116 0.9886 1.0233 0.9772

0.70 0.1159 0.0827 0.5795 0.4135 0.71 1.0621 0.9415 1.1281 0.8865

0.85 0.1279 0.0674 0.6395 0.3370 0.53 1.2123 0.8249 1.4697 0.6804

Table 7 Convergence of the area ratio Ay /Acrc for finite element analysis of same-stress design

ey Finite element analysis Analytic prediction
M=12 M=42 M =168 Avie _
A g (eo)
Small Large Small Large Small Large CTC
0.50 1.02225 1.02225 1.02321 1.02321 1.02329 1.02329 1.02329
0.70 1.03096 1.12230 1.12758 1.12758 1.12803 1.12803 1.12806
0.85 1.04310 1.44769 1.46792 1.46792 1.46959 1.46959 1.46970
Table 8 Convergence of the area ratio Ay /Acrc for finite element analysis of same-load design
e Finite element analysis Analytic prediction
M=12 M=42 M =168 Avre _
A 8(eo)
Small Large Small Large Small Large CTC
0.50 1.01055 1.01055 1.01149 1.01149 1.01157 1.01157 1.01158
0.70 1.01916 1.05668 1.06165 1.06165 1.06207 1.06207 1.06210
0.85 1.03116 1.19416 1.21084 1.21084 1.21222 1.21222 1.21231
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Table 9 Convergence of the area ratio Ayyg /Acyc for finite element analysis of same-area design

149

ey Finite element analysis Analytic prediction
M=12 M =42 M =168 Avie _ |
Small Large Small Large Small Large Acte
0.50 0.99898 0.99898 0.99991 0.99992 0.99999 0.99999 1
0.70 1.00749 0.99490 0.99957 0.99957 0.99997 0.99997 1
0.85 1.01935 0.98503 0.99879 0.99879 0.99992 0.99992 1

of the ratio #/R. In Table 10 both the circumferentially averaged
magnitude and the circumferentially averaged normalized
magnitude of the axial stress of the CTE cylinders at the buckling
condition as computed from the finite element results of Fig. 9 are
reported. In the same table the ratio of buckling stress for the CTE
cylinder relative to the CTC cylinder, o¢rg/0crc, from the analytic
prediction (Eq. (14) and Fig. 3) is reported. Although the finite
element calculations show the axial stress in the CTE cylinders to
vary somewhat with circumferential position, considering the
average axial buckling stress from the finite element calculations for
the CTE cylinders in that ratio (i.e., d¢crg/0cre) it is seen from the
table that the analytic predictions of Eq. (14) are no more than 10%
different than the finite element calculations of that ratio. Similarly,
the buckling loads computed by the finite element model for the CTE
cylinders are reported in Table 11. Both the absolute and the
normalized values are given. From Tables 10 and 11 it can be
concluded that the buckling capacity of a CTE cylinder does decrease
considerably with respect the CTC cylinder as the eccentricity
increases, and Eq. (14) accurately predicts the decrease.

In what follows, the stresses, force resultants, and loads computed
by ABAQUS for the CTE and VTE cylinders for the three different
designs are presented and compared with like quantities from the
analytic predictions.

A. Same-Stress Design

In Fig. 10 the circumferential variations of the normalized axial
stress for the same-stress design VTE cylinders at the buckling
condition are shown. Results for small and large cylinders with the
three levels of eccentricity are illustrated by way of subfigures. Each
subfigure includes the axial stress for the VTE cylinder at the
buckling condition from the analytic prediction (horizontal straight
line) and the axial stress for the same VTE cylinder at the buckling
condition as computed by the finite element analysis. As a reference,
the axial stress for the CTE cylinder at the buckling condition from
Fig. 9 is also included in each subfigure. From Fig. 10 it is observed
that the finite element analysis predicts that the axial stress for the
VTE cylinders varies with circumferential position, as is the case for
CTE cylinder but in contrast to the circumferentially uniform stress
state of the analytic prediction. The degree of circumferential
variation depends again on the assigned eccentricity e and the size of

]' L
0.8F
S P am s NPt
S 0.6}
o
e
3 e
o 041
0.2 CTC  ¢=050 €=070 ¢ =085
0.0 0.2 0.4 0.6 0.8 1.0
s/2nR,.
a) Small

Table 10 Circumferentially averaged axial stress
at the buckling condition for small and large CTE cylinders
and three values of eccentricity

e Finite element analysis Analytic prediction
Ocre, MPa ocre/Ocre Eq. (14
Small  Large  Small  Large
0.50 35259 140.21 0.8567 0.8404 0.8090
0.70  274.03 107.61 0.6659 0.6550 0.6163
0.85 186.58  72.65 0.4534 0.4355 0.4118

Table 11 Axial load at the buckling condition for small and
large CTE cylinders and three values of eccentricity

ey Finite element analysis Analytic prediction
Pere, N Pere/Perc Eq. (14)
Small Large Small Large
0.50 248121 98670 0.8567 0.8404 0.8090
0.70 192842 75730 0.6659 0.6550 0.6163
0.85 131298 55130 0.4534 0.4355 0.4118

the cylinder. It appears that the analytic prediction provides a
reasonable estimate of the performance of the VTE cylinder. This is
definitely the case for ey, =0.50 and in an average sense for
eo = 0.70. For ¢y, = 0.85 the developed analysis overpredicts the
average of the finite element model by about 5% for small and 2% for
large cylinders. Furthermore, a 5% variation of axial stress around
the circumference of the small cylinders is predicted by the finite
element model for e, = 0.85. For the large cylinders with e, = 0.85
the variation is less. For clamped boundary conditions (not shown),
the stress variation around the circumference for the small VTE
cylinder is about £2.5% and the average of the finite element model
is within 2.5% of the analytical prediction. Further quantitative
comparisons regarding the stresses are made in Table 12 with the
tabulation of key ratios of average axial stresses at the buckling
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Fig. 9 Circumferential variation of axial stress at the buckling condition for small and large CTC and CTE cylinders and three values of eccentricity.
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Fig. 10 Comparison among the axial stresses at the buckling condition for small and large VTE and CTE cylinders for three values of eccentricity and

same-stress design.

condition as computed from finite element analyses and as
determined from the analytic prediction. The ratio between og and
octe 1S a measure of the increase in the axial stress at the buckling
condition obtained by tailoring the thickness of the elliptical cylinder
relative to keeping the thickness of the elliptical cylinder uniform. As
seen, this increase varies from about 17% for a small cylinder with
ey = 0.50 to more that 100% for alarge cylinder with ¢, = 0.85. The
ratio between oyrg and ocrc is a measure of the axial stress at the
buckling condition of the thickness-tailored elliptical cylinder
relative to the axial stress at the buckling condition of the original
circular cylinder. For all cases the ratio between oyrg and ocre is

Table 12 Comparison among key stress ratios at the buckling

condition for small and large VTE and CTE cylinders and three

values of eccentricity, same-stress design, finite element analysis,
and analytic prediction

ey Finite element analysis Analytic prediction
ovre/Octe ovyre/Ocrc Ovie _
Small Large Small Large cte
0.50 1.1715 1.1894 1.0036 0.9996 1
0.70  1.5003 1.5504 0.9990 1.0001 1
0.85 2.0903 2.2641 0.9489 0.9860 1

very close to the unit value, emphasizing the fact that the buckling
stress of the original circular cylinder is, essentially, fully recovered.
Because with the developed analysis the stress does not vary with
circumferential position, 6yrg/0crc is also of unit value for the
analytic prediction. For comparison this unit value from the analytic
prediction of Table 3 is included in the last column of Table 12. For a
clamped boundary condition the numbers are similar to those of the
simply supported condition, except that the gain obtained by
tailoring is computed to be somewhat greater. A comparison of load
ratios at the buckling condition is presented in Table 13. The ratio
Py1g/Perg is a measure of the gain in axial load capability obtained
by tailoring the thickness of the elliptical cylinder relative to keeping
the thickness of the elliptical cylinder uniform. This gain varies from
about 20% for the small cylinder with e, = 0.50 to more than 200%
for the large cylinder with e, = 0.85. The ratio Pyrg/Pcrc i @
measure of the gain in axial load capability of the thickness-tailored
elliptical cylinder relative to the original circular cylinder. As seen,
the ratio is above one, and so there is clearly a gain relative to the
original circular cylinder. It is also seen that the ratio Pyrg/Pcrc 18
described quite accurately by g%(ey), as predicted in Table 3. As
observed, the critical load of the VTE cylinder increases with respect
to the CTC cylinder as the eccentricity increases.

It should be remarked that with the same-stress design the
improvement in the buckling capacity of the VTE cylinder is due in
part to an increment in cross-sectional area, also related to g2(e,) (see
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Table 13 Comparison among key load ratios at the buckling
condition for small and large VTE and CTE cylinders and three
values of eccentricity, same-stress design, finite element analysis,

and analytic prediction

e Finite element analysis Analytic prediction
P P P P P
vie/ Pere vre/Pere PVTE — gz( )
Small  Large Small Large crc
0.50 1.1988 1.2170 1.0271 1.0228 1.0233
0.70  1.6935 1.7480 1.1277 1.1275 1.1281
0.85 3.0990 3.3261 1.4050 1.4485 1.4697

Tables 3 and 6). However, the distribution of the area (i.e., varying
the thickness with circumferential location) has a major role in the
improvement in buckling capability. This is evident by realizing that
although the ratio Pyyg/Pcrg shows over a 200% gain for both the
small and the large cylinders with e, = 0.85 (i.e., Pyrg/Pcrg =
3.3261 for the large cylinder), the area has increased by only 47%
(i.e., Ayrg/Acte = 1.4697, see Tables 3 and 6).

The variation of the axial stress resultant, NV, with circumferential
location at the buckling condition as predicted by the finite element
analysis is shown in Fig. 11. The analytic prediction from Table 4 for
the VTE cylinder is also illustrated in the figures. The stress resultants
are normalized by the stress resultant for the CTC cylinder Noyc. For
reference purposes the stress resultant for the CTC cylinder Nerc is
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included and is the horizontal line at unity. At first glance it is clear
from Fig. 11 that, importantly, for all cases the analytic prediction of
the N vs s relation is almost indistinguishable from the finite element
calculations. Looking at more detail it is observed that although the
stress resultant for the CTE cylinder Nrg is nearly uniform around
the circumference and always less than the stress resultant for the
CTC cylinder, the stress resultant for the VTE cylinder Ny has
considerable amplitude modulation, being largest in the flatter
regions of the elliptical cross section in all cases. This follows
because the amplitude of N should be proportional to the thickness of
the shell due to the proposed design that forces the stress to be
uniform with circumferential location. It should be noted that Nyrg
intersects Ncrc where the radius of curvature of the ellipse is equal to
the radius of original circle, R,.. The area under the relationship for N
vs s is the total axial load. From a qualitative inspection of Fig. 11 itis
quite evident that for each case the area under the Ny relation is less
the area under the other two relations. Moreover, the average value of
Nyrg (not shown in the figure) seems to have a positive offset relative
to Nere, particularly for large values of eccentricities and, for sure,
relative to Nerg. Consequently, as has been pointed out in previous
tables, the axial buckling load of the VTE cylinder is greater than the
axial buckling load of the CTE cylinder.

B. Same-Load Design
Comparing Fig. 12 with Fig. 10 and Fig. 13 with Fig. 11 it can be
concluded that the overall characteristics of the stress and stress-
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Fig. 11 Comparison among the stress resultants at the buckling condition for small and large VTE and CTE cylinders and three values of eccentricity

and same-stress design.
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Fig. 12
same-load design.

resultant variation with circumferential location for the same-load
designs are similar to the characteristics of those responses for the
same-stress designs. Additionally, the correlations between the
analytically predicted stresses and stress resultants for the same-load
design VTE cylinders and the like response as computed by the finite
element model are generally good, but with less correlation between
the stress levels for both small and large cylinders for the case of
eccentricity e, = 0.85. There are, however, differences between the
same-load and same-stress designs. The most obvious difference
between designs in the variations of stress with circumferential
location, Figs. 10 and 12, is that the normalized stress levels for the
same-load design VTE cylinders, as predicted by both the developed
analysis and the finite element model, are lower than for the same-
stress design. The same is true of the stress-resultant levels of the
same-load design, Fig. 13, as compared with those of the same-stress
design, Fig. 11. This trend is particularly evident for the case of large
eccentricities, where in Fig. 12 for both small and large same-load
design VTE cylinders with e, = 0.85 the normalized stress level is
near 0.8, as opposed to a value near unity for both small and large
same-stress design VTE cylinders with eccentricity ¢, = 0.85 in
Fig. 10. Likewise, for both small and large cylinders with eccentricity
eo = 0.85, the peak loads of the normalized stress resultants for the
same-stress designs in Fig. 11 are close to 2.5 for both small and large
cylinders, whereas for the same-load designs in Fig. 13, the peak
levels are about 1.7. A review of Table 13 reveals that for the same-
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Comparison among the axial stresses at the buckling condition for small and large VTE and CTE cylinders and three values of eccentricity and

stress design the ratio of Pyrg/Pcrc is greater than unity, and
increases with increasing eccentricity, meaning that the buckling
load of the VTE cylinder is greater than the buckling load of the
original CTC cylinder. For this ratio to be unity, as is required for the
same-load design, meaning that the buckling loads are the same, does
not require as high a stress level for the VTE cylinders; hence, the
lower levels of stress and stress resultants for the same-load design.
The lower stress levels for the same-load design are reflected in all the
stress ratios of Table 14 as compared with those of Table 12, and the
load ratios of Table 15 as compared with those of Table 13.
Regarding the lower level of stress for the same-load design, because
oyre/0crc (and, hence, oyrg/0crc) is given as 1/g(ey) by the
analytic prediction, and because g(e,) is greater than one, the lower
value of stress for the same-load design must be expected. It is
observed from Table 14 that the value of 1/g(e,) correlates well with
the value of oyrg/0crc as computed by the finite element analysis,
particularly for the large cylinders.

The ratios oyrg/0crg and Pyrg/Perg in Tables 14 and 15
respectively, again reflect the gain in varying the thickness of the
cylinder wall with circumferential position in the elliptical cylinders.
Some of this gain is due to an increment of area, as given by the
values of g(e,) (see Tables 3 and 6), but again, most of the gain must
be attributed to the redistribution of material by varying the thickness
with circumferential location. For example, for e, = 0.85 the
buckling load for the large VTE cylinder is over 100% greater then
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Fig. 13 Comparison among the axial stress resultants at the buckling condition for small and large VTE and CTE cylinders for three values of
eccentricity and same-load design.

the buckling load for the large CTE cylinder (i.e., Pyrg/Pcrg= normalized stress level around the circumference for the VTE
2.2736), whereas the area increase is only 21% (see values of g(¢;) in cylinders has decreased from about unity for the same-stress designs,
Tables 3 and 6). to about 0.8 for the same-load designs, to just below 0.7 for the same-

area designs. Likewise, by comparing Fig. 15 with Figs. 11 and 13, it
C. Same-Area Design is observed that the peak value of the stress resultant for both small

and large VTE cylinders with e, = 0.85 has decreased from about
2.5 for the same-stress designs, to about 1.7 for the same-load
designs, to about 1.2 for the same-area designs. The correlation
between the analytic predictions and the finite element analysis is
again quite good for eccentricities ¢, = 0.50 and ¢, = 0.70, with less
agreement for the case of e, = 0.85. The lower overall stress level for
the same-area designs, compared with the other two designs, is

The variations of the normalized stresses and stress resultants as a
function of circumferential location for the same-area design VTE
cylinders are illustrated in Figs. 14 and 15, respectively. Tables 14
and 15 provide information similar to Tables 12—15 for the same-
stress and same-load designs, respectively.

By comparing Fig. 14 with Figs. 10 and 12 it is observed that for
both small and large cylinders with e, = 0.85, for example, the

Table 14 Comparison among key stress ratios at the buckling Table 15 Comparison among key load ratios at the buckling

condition for small and large VTE and CTE cylinders and three condition for small and large VTE and CTE cylinders and three

values of eccentricity, same-load design, finite element analysis, values of eccentricity, same-load design, finite element analysis,

and analytic prediction and analytic prediction
ey Finite element analysis Analytic prediction ey Finite element analysis Analytic prediction
5VTE/5CTE 5VTE/UCTE Ovre = l/g(go) PVTE/PCTE PVTE/PCTC Py =1

Small  Large Small Large Gcre Small  Large Small Large Pere

0.50 1.1591 1.1770 0.9930 0.9891 0.9886 0.50 1.1726 1.1904 1.0046 1.0005 1

0.70  1.4143 14622 0.9417 0.9432 0.9415 0.70  1.5029 1.5521 1.0007 1.0012 1

0.85 1.7472 1.8773 0.7921 0.8175 0.8249 0.85 21285 2.2736 0.9650 0.9901 1
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Fig. 14 Comparison among the stresses at the buckling condition for small and large VTE and CTE cylinders for three values of eccentricity and same-

area design.

reflected in the entries of Tables 16 and 17 as compared with entries
of Tables 1215 for all three values of eccentricity. It is seen in
Tables 16 and 17 that the ratios oyrg/0crc and Pyrg/Pere given by
1/g%(ey) from the analytic predictions correlate well with the finite
element calculations. Furthermore, the fact that the ratio Pyrg/Pcrg
is greater than unity for all three values of eccentricity and both small
and large cylinders for the same-area VTE designs unequivocally
verifies the gain in redistributing the area in the elliptical cylinders.
Specifically, from Table 17 for the large same-area design VTE
cylinders there is an increment of about 56% in the buckling load
compared with the CTE cylinder for ¢, = 0.85. However, unlike the
same-stress design VTE cylinders for which the ratio Pyg/Pcrc 18

Table 16 Comparison among key stress ratios at the buckling

condition for small and large VTE and CTE cylinders and three

values of eccentricity, same-area design, finite element analysis,
and analytic prediction

ey Finite element analysis Analytic prediction
ovre/Octe ovyre/Ocrc Ovre _ 1/g%(ey)
Small Large Small Large Gcre
0.50 1.1414 1.1618 0.9779 0.9764 0.9772
0.70  1.3356 1.3781 0.8893 0.8889 0.8865
0.85 1.4644 1.5593 0.6639 0.6790 0.6804

greater than unity for all cases, and unlike the same-load design VTE
cylinders for which the ratio Py /Pcrc is forced to be unity, for the
same-area design VTE cylinders the ratio Pyrg/Pcrc is less than
unity, meaning that the same-area design VTE cylinders have
buckling loads less than those of the original CTC cylinders.
Before closing this section, cylinder deformations should be
discussed. The prebuckling deformations of small VTE cylinders for
all three eccentricities are shown in Fig. 16. A few comments can be
made by comparing Fig. 16b with Fig. 1. First, although for the CTE
cylinder with ey = 0.70 shown in Fig. 1b the deformations are
mainly localized within the flatter regions, for the VTE cylinder with
the same value of eccentricity shown Fig. 16b the deformations

Table 17 Comparison among key load ratios at the buckling
condition for small and large VTE and CTE cylinders and three
values of eccentricity, same-area design, finite element analysis,

and analytic prediction

I Finite element analysis Analytic prediction
Pyrg/P Pyrg/P P >
vie/Pere vie/Pere PVTE =1/g%(ey)
Small  Large Small Large crc
0.50 1.1415 1.1616 0.9779 0.9762 0.9772
0.70 1.3361 1.3773 0.8896 0.8884 0.8865
0.85 1.4685 1.5570 0.6658 0.6781 0.6804
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eccentricity and same-area design.

involve the entire circumference. Second, as happens for the CTC
cylinder, the deformations are confined to boundary layers localized
at the two ends of the cylinder. Third, an important difference
between the deformations of the CTC cylinder shown in Fig. 1a and
those of the VTE cylinder in Fig. 16b is that although the boundary
layer for the former case has a uniform width around the
circumference, for the latter case the width is modulated due to the
variation of the curvature with circumferential location, the boundary
layer being wider in the flatter regions and narrower in the more
curved regions. From Fig. 16 it can be seen that all the comments
previously made for ey = 0.70 apply to ey = 0.50 and ¢, = 0.85.
The prebuckling deformed shapes associated with the same-load and
-area designs (not shown) are qualitatively similar to the deformed

a) eq =0.50 b) ¢, =0.70

Fig. 16 Deformed prebuckling shapes of axially loaded, small, simply
supported VTE cylinders with three values of eccentricity, using same-
stress design.

c) e,=0.85

f) ep = 0.85 large

Comparison among the axial stress resultants at the buckling condition for small and large VTE and CTE cylinders for three values of

shapes of the same-stress design shown in Fig. 16. The only
difference that can be found is in the amplitude of the deformation
that results due to the fact that the same-stress design allows a larger
displacement before reaching the critical stress at the buckling
condition as compared with the same-load and -area designs.

VI. Conclusions

Equation (1) is a simple relation derived for a homogeneous,
isotropic circular cylinder with a uniform wall thickness, neglecting
prebuckling rotations. This equation is applicable to noncircular
cylinders, and predicts a loss of load capability for an elliptical
cylinder with the same circumference and wall thickness as the
circular cylinder. Here, Eq. (1) has been used to develop three
designs to increase the axial buckling load capability of the elliptical
cylinder by considering a nonuniform wall thickness. In fact, Eq. (1)
has been used to specify the variation of wall thickness with
circumferential position for the elliptical cylinder. Numerical results
for the same-stress, same-load, and same-area designs developed
with Eq. (1) as a guideline have been computed and compared with
results obtained for a finite element analysis considering prebuckling
rotations of these three designs. There are some differences between
the finite element results and the analytic predictions based on
Eq. (1). However, designing the variation of the wall thickness using
finite elements is a cumbersome and time-consuming approach. In
that context, Eq. (1) does well. Moreover, the results obtained using
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Eq. (1) are good enough that conclusions can be drawn regarding
tradeoffs in the designs. For example, and continuing with an earlier
example, according to Fig. 3, which is based on Eq. (14) of the
developed analysis, a simply-supported CTE cylinder with e, =
0.70 retains only 62% of the buckling load of the original CTC
cylinder. This is collaborated in Table 11 where a buckling load
retention of 67% rather than 62% is computed by the finite element
analysis for the small cylinder. Both the analytic prediction and the
finite element analysis for the small cylinder each illustrate that the
same-area VTE design for the case of e = 0.70 in Table 17 retains
89% of the buckling load of the CTC cylinder. This translates into
better than a 30% increase in buckling load of the VTE cylinder
compared with the CTE cylinder (i.e., Pyyg/Pcrg = 1.3361).
Because the analytic prediction correlates so well with the finite
element analysis, Table 15 can then be used to quickly conclude that
the buckling load of the small VTE cylinder with e, = 0.70 can be
made to retain 100% of the buckling load of the CTC cylinder by
using the same-load design (Pyyg/Pcpe = 1.0007) if a 6% increase
in weight can be tolerated (i.e., g(0.70) = 1.0621). If even more
weight can be tolerated, Table 13 can be used to show that the same-
stress design for the small VTE cylinder with ¢, = 0.70 further
increases the buckling load to 113% of the CTC cylinder
(Pyrg/Pcre = 1.1277) with only slightly more than a 13% increase
in weight (i.e., g2(0.70) = 1.1281).

There are a number of issues to consider for future investigations
of variable wall thickness designs. The role of imperfections is
always an important topic with cylindrical structures. As mentioned
in previous sections, several investigators reported reduced
imperfection sensitivity with noncircular cylinders. However, with
the variable-thickness elliptical cylinders studied here, imperfections
at circumferential locations where the wall is thinner may be more
important than for noncircular cylinders with uniform wall thickness.
A study of the postbuckling behavior would also be important. For all
cases considered here the stresses at buckling were less than the
compressive yield stress of many aluminum alloys, particularly for
the large cylinder. Therefore, snap-through and other large elastic
deformations associated with postbuckling would be of interest.
Finally, the manufacturing of variable-thickness elliptical cylinders
should be considered so that experiments can be conducted to
compare with the findings presented. Depending on the material and
actual size of the cylinder, simply machining a block of material with
numerically controlled equipment, though wasting considerable
material, would be one approach. Alternatively, the cylinder could be
made in two halves and the two halves joined by a process such as
friction stir welding in the axial direction along the thinner portions
of the cross section. Finally, it may be possible to develop a mold
with a cavity the shape of the cross section and cast the cylinder while
the cylinder material is in a liquid state.
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